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Q:Curves U:s'->RP-403 up to homotopy?

U I has windingnumber-

L w(U) = 2.

⑧
Define f:S'-s' via⑲-
t

f(t) = =(t)7

7 7 11 (t) 1).

Ihen:WiM =2 syn dflt=1-1+1+ 1 =2.

teg(V)



A Babyexample
⑧-0-0-0-0

Q:Curves U:s'->RP-403 up to homotopy?

U U has windingnumber-

L w(U) = 2.

Define f:S'-s' via⑳Y.- not f(t):=ll.
W

7

7 7

Then,willgudeteg
mapping degree
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⑧-0-0-0-0I

Regnamavalues, fi X ->M smooth

-
=>E(y)<Xsubmed.
if y is reg. value

· Y,re I iy,ya,I
Yz =>I'ly) has triv nom.

bundle in x o

Fact:Reg. values are "generic"
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&:Is mapping degree a homotopy invariant?

I
B T

I
q S

Din⑤

S'x30]
- S'xE13
[0,1]

Assume deg (fix) = deg (8; 4).



MPatryagiconstruction ⑧--0-0-

&

Homotopy invariant for fix -s ?

&



MPatryagiconstruction ⑧--0-0-

&

Homotopy invariant for fix->s"?

Remember:I'(4)CX submod.

&



MPatryagiconstruction ⑧--0-0-

n?
&

Homotopy invariant for 8:x->s

Remember:I'(y)CX submod.
23 cobordisms?

&



MPatryagiconstruction ⑧--0-0-

&

Homotopy invariant for fix->s"?

Remember:I'(y)CX submod.
23 cobordisms?

Eat↓
x +(1)

x[0)



MPatryagiconstruction ⑧--0-0-

&

Homotopy invariant for fix->s"?

Remember:I'(y)CX submod.
23 cobordisms?

Define:

K-dim closed MCX W/
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&

Homotopy invariant for fix->s"?

Remember:I'(y)CX submod.
23 cobordisms?

Define:- I E 3Se 1x(X) :=dimclosedoffer
a

re
x +(1)

x[0) -> [0,1]

Note: 1Fx(x) is group if dimxK:

i) [M,, 4] +[Me, f2]
=[M,NM1, 4, wez]

ii) - SM, 4] = [M.-2] (reverse orientation)
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construction ⑧--0-0-MPatryagi

A:[xN+4, s = lFxIX)

X ou
- S

⑮
·
-

I'(0)
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⑧--0-0-
What is [X", S"Y (aka H,(x))?
· Enumerated by Steenod'47

· Group ext. by Taylorog but purely algebraically

· Geometric proof for n =3 and X
" orientable mild.

by Kirby, Melvin,
Teichner in

· Geometric proof for 23 and x** spin mod.

by Konstant is 'to

Q:Geometric proof
for 123 and

Int (non-orientable) manifold?
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⑪ homology
⑧--0-0-

Elinks (CX v/ orientation of WC3
-12,(X; zw) ==

normally oriented Gordisms

"Algeorically":

11,(X;zw)
=Hi(Xizw)=first homology

wi

"twisted"coefficients

(Thom'54, Atiyah'60)

↳ obvious map h:4, (X)
-> H, (x;zw)

forgets framing, remembers orientation
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-texact sequence 0-0- -0-0

?

0 -Kerk -> H,(x),H,(xiz) -> 0
↑

v.6, over 1-dim (r-complex

trir, if orientable

Also: what is the extension?
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⑪DieKerk 0-0- -0-0

Suppose [2,eJekerh. contractible

Xx 50S- ↑ A e
-) induces (unique)

framing 'over u

S.t. [2, 4] =[4, 21].

IjitanC

framings (up
to homotopy)

~a =>kerh is most Ez!
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⑪DeineKerk 0-0- -0-0

does not
Assume Kern

=0. extentover

Co

- " 2 =20 UD surface w/

t Us or, but
not triv.

i I
d I say X

is type I
-o

queer so itf 32cX s.t.- Wa or.
but not triv.

<-1,13
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⑭ result 0-0-0- -0

em:X is type I iff h:/F, (x)->H, (X;zw

is an isomorphism.

And define:

Xis type I if Faax surface

We or. -> Wa triv
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atteo
-0

1) R9'DP2

[0:1:Z]
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⑪Examples

citrico
-oae

1) R9'DP2

us 4p' has odd

self-intersection
=>DP2 is of typeI

> I,(KPY) =H, (4P2; zw)
=H,(kP;z) =0

2) IRP< 1R P4k
char. classes

Yipp: or. Gut
-

non-triv.
-

->> IF, LIRPYY = H, LIRPY*;zw) = 0
all circles with
orientable 2, are contractible
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ltforty 0-0-0- -0

Ivem:I8 X is type II, then 1,()

fits into

0 ->Ez-> 1,(x) -> H,(Xizr) -> 0.

The extension is uniquely
determined by WY(X) +W2 (X).
-

Pin-obstruction class!

Iperular:
IF,(x) =H, lX;zw)Z, iff Xis

Pin



⑪ Proofdea
0-0-0- -0

Fact:Extension of
0 -> 2z -> #,(x) -> H,lx;zw) ->0

is (uniquely) determined by hor.

Ex:(xiza))-> 2.
=: [[C]EH, (xizw)/2 (c] =0}



⑪ Proofdea
0-0-0- -0

Fact:Extension of
0 -> 2z -> #,(x) -> H,lx;zw) ->0

is (uniquely) determined by hor.
"measures triviality of

Ex:izul)-> 2. ext. in 2-torsion part "

=: [[C]EH, (xizw)/2 (c] =0}



⑪ Proofdea
0-0-0- -0

Fact:Extension of
0 -> 2z -> #,(x) -> H,lx;zw) ->0

is (uniquely) determined by hor.
"measures triviality of

Ex:iza))->22. ext, in 2-torsion part"

=: [[C]EH, (xizw)/2 (c] =0}
↳to gearof1:

1) [C] =Torz (Hi(x;zul) circle.



⑪ Proofdea 0-0-0- -0

Fact:Extension of
0 -> 2z -> #,(x) -> H,lx;zw) ->0

is (uniquely) determined by hor.
"measures triviality of

Ex:izul)-> 2. ext. in 2-torsion part "

=: [[C]EH, (xizw)/2 (c] =0}
↳to gearof1:

1) [C] =Torz (Hi(x;zul) circle.

2) Endow with normal framing to



⑪ Proofdea 0-0-0- -0

Fact:Extension of
0 -> 2z -> #,(x) -> H,lx;zw) ->0

is (uniquely) determined by hor.
"measures triviality of

Ex:(xiza))-> 2. t ext, in 2-torsion part"

=: [[C]EH, (xizw)/2 (c] =0}
↳to gearof1:

1) [C] =Torz (Hi(x;zul) circle.

2) Endow with normal framing to

3) Then 2 [2,4] = 0 iff Ex([C])
=0.



⑪ Proofdea 0-0-0- -0

Fact:Extension of
0 -> 2z -> #,(x) -> H,lx;zw) ->0

is (uniquely) determined by hor.
"measures triviality of

Ex:(xiza))-> 2. t ext, in 2-torsion part"

=: [[C]EH, (xizw)/2 (c] =0}
↳to gearof1:

1) [C] =Torz (Hi(x;zul) circle.

2) Endow with normal framing to

3) Then 2 [2,4] = 0 iff Ex([C])
=0.

4) Build up extension via generators.
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A 100dea
0-0-0- -0

[C]+veTorz(H,(xizr) generator

7 B:He(xizz) ->Ton (Hilizr)) surjective s.t.

PK[d]2) =[C]Aw and C represents w,(Val

Prop:2[C,9] =0 iff We(Wal =0

2[2,e] =[zN,4]
-

extends over E-N"names
ate

New: [EN,4]=0 iff I

·ichtheory:
↑ extends over 9-wiff
Wz(Va) =0 I
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1 Example 0-0-0- -0

consider X=Rp** and RPCIRP"

[IRP"] generates Helxizz) and Tore(H,Kizw))=H,(izr),

O

)(r) fa.W2(URP)

type

#"(1Rp") 0 24 22 22z
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⑪Rimanifolds 0-0-0-0

X has Pini-structure, then

0 -> Mii-> 1F,(x)-> H,(xiVal ->O

En-induced
splitting map

act

Pin(x) +H'(x;z) -> Pi(x)

Ihen: ↓ ↓
Split(x) xHis airsplit (x)
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/Applications to rector bundles 0-0-0-0

R" <> E - xx4+w/ orientation & spin structure

:Six
-> E 2:=5(0E)

1
SPFracture

-> W.EkLX

El ~> [L,e] = FF,(X)

X ↳ hICL,9]) =PDof Euler class e(E)

rem:E admits a non-vanishing section

it and only if [4,4]=0.

Added:Use
null-boodism to "push"s away from

zero (similar to whitney trick).
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/Applications to rector bundles 0-0-0-0

Collary1:18 X is of type I, then

I admits a non-vanishing section

if eCE)
=0.

CollaryI8 X is piri, then I admits

a non-vanishing section iff

eCE) =0 and 32 ([4, e)) = 0.

I splitting map
2:1F,(x)-> 2z
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